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Abstract
This paper presents a pure complementary energy variational method for solving
a general anti-plane shear problem in nite elasticity. Based on the canonical duality-
triality theory developed by the author, the nonlinear/nonconex partial dierential
equations for the large deformation problem is converted into an algebraic equation
in dual space, which can, in principle, be solved to obtain a complete set of stress so-
lutions. Therefore, a general analytical solution form of the deformation is obtained
subjected to a compatibility condition. Applications are illustrated by examples with
both convex and nonconvex stored strain energies governed by quadratic-exponential
and power-law material models, respectively. Results show that the nonconvex vari-
ational problem could have multiple solutions at each material point, the comple-
mentary gap function and the triality theory can be used to identify both global
and local extremal solutions, while the popular (poly-, quasi-, and rank-one) con-
vexities provide only local minimal criteria, the Legendre-Hadamard condition does
not guarantee uniqueness of solutions. This paper demonstrates again that the pure
complementary energy principle and the triality theory play important roles in nite
deformation theory and nonconvex analysis.
AMS Classication: 35Q74, 49S05, 74B20
Keywords: Nonlinear elasticity, Nonlinear PDEs, Canonical duality-triality, Complemen-
tary variational principle, Nonconvex analysis.
1 Introduction
Anti-plane shear deformation problems arise naturally from many real world applications,
such as contact mechanics [75], rectilinear steady ow of simple uids [12], interface stress
eects of nanostructured materials [58], structures with cracks [68], layered/composite
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functioning materials [63, 79], and phase transitions in solids [74]. During the past half
century, such problems in nite deformation theory have been subjected to extensively
study by both mathematicians and engineering scientists [41, 43, 44, 50]. As indicated in
the review article by C.O. Horgan [47], anti-plane shear deformations are one of the simplest
classes of deformations that solids can undergo. In anti-plane shear (or longitudinal shear,
generalized shear) of a cylindrical body, the displacement is parallel to the generators of the
cylinder and is independent of the axial coordinate. In recent years, considerable attention
has been paid to the analysis of anti-plane shear deformations within the context of various
constitutive theories (linear and nonlinear) of solid mechanics. Such studies were largely
motivated by the promise of relative analytic simplicity compared with plane problems since
the governing equations are a single second-order partial dierential equation rather than
higher-order or coupled systems of partial dierential equations. Thus the anti-plane shear
problem plays a useful role as a pilot problem, within which various aspects of solutions in
solid mechanics may be examined in a particularly simple setting.
Generally speaking, the anti-plane shear problem in linear elasticity is governed by lin-
ear partial dierential equation, which can be solved easily by well-developed analytical
methods. However, in real-world applications, say the problems of the phase transitions
in uids [9, 70] and solids [40], the free energy of a nitely deformed material is usually
nonlinear and even nonconvex. It was shown in [11] that a technologically important class
of brous composite reinforcements whose mechanical behavior can be described at nite
strains by means of a second gradient, hyperelastic, orthotropic continuum theory which
can employ strong nonlinearities and nonconvex energies. Due to the nonconvexity, the
governing equation could have multiple solutions at each coordinate (see [52, 31, 32]).
Traditional methods for solving nonconvex variational problems are proved to be very dif-
cult, or even impossible. The well-known generalized convexities and Legendre-Hadamard
condition can be used only for identifying local minimal solutions. Numerical methods
(such as FEM and FDM, etc) for solving nonconvex variational problems lead to a global
optimization problem [5, 15]. Due to the lacking of global optimality condition, most of
nonconvex optimization problems are considered to be NP-hard in nonconvex optimization
and computer science [35, 62, 71]. Extensive research has been focused on solving such
nonconvex optimization problems, and a special research eld, i.e., the global optimization
has been developed during the past 15 years [34].
Complementary variational principles and methods play important roles in continuum
mechanics. It is known that in nite deformation theory, the Hellinger-Reissner principle
(see [42, 69]) and the Fraeijs de Veubeke principle (see [77]) hold for both convex and
nonconvex problems. But, these well-known principles are not considered as the pure com-
plementary variational principles since the Hellinger-Reissner principle involves both the
displacement eld and the second Piola-Kirchho stress tensor, and the Fraeijs de Veubeke
principle needs both the rotation tensor and the rst Piola-Kirchho stress as its varia-
tional arguments. Therefore, the question about the existence of a pure complementary
variational principle in general nite deformation theory was argued for several decades
(see [53, 54, 55, 67, 64, 65]). Based on Noether's theorem and Coleman-Noll-Gurtin's ther-
modynamics approach, a systematic study was given by Li and Gupta [57] on the invariant
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conditions for various complementary energy functionals and the Gao principle in nite
elasticity. Also, since the extremality condition is a fundamentally dicult problem in
nonconvex variational analysis and global optimization, all the classical complementary-
dual variational principles and associated numerical methods can't be used for solving
nonconvex variational/optimization problems in nite deformation theory.
Canonical duality-triality is a newly developed and powerful methodological theory,
which is composed mainly of (i) a canonical transformation, (ii) a pure complementary-
dual energy variational principle, and (iii) a triality theory. The canonical transformation
can be used to model complex systems within a unied framework and to establish perfect
dual problems in nonconvex analysis and global optimization. The pure complementary-
dual variational principle shows that a class of nonlinear partial dierential equations are
equivalent to certain algebraic equations which can be solved to obtain analytical solutions
in stress space. The triality theory comprises a canonical min-max duality and a pair of
double-min, double-max dualities. The canonical min-max duality can be used to identify
global minimizer; while the double-min and double-max dualities can be used to identify
local minimizer and local maximizer, respectively. The canonical duality theory was de-
veloped from Gao and Strang's original work on general nonconvex variational problems
[36]. The triality theory was discovered in post-buckling analysis of a large deformed beam
model [16]. The pure complementary principle was rst proposed in 1999 [18], which has
been used successfully for solving nite deformation problems [19, 25]. In a set of papers
published recently by Gao and Ogden [31, 32], it is shown that by using this theory, com-
plete sets of analytical solutions can be obtained for one-dimensional nonlinear/nonconvex
problems. Their results illustrated an important fact that smooth analytic or numerical
solutions of a nonlinear mixed boundary-value problem might not be minimizers of the
associated potential variational problem. For global optimization problems in nite di-
mensional space, the canonical duality theory has been used successfully for solving a large
class of challenging problems in nonconvex/nonsmooth/discrete systems, see [28, 35].
The purpose of this paper is to illustrate the application of this pure complementary
variational principle and the triality theory by solving nonlinear and nonconvex variational
problems in anti-plane shear deformation. The remainder article is organized as the fol-
lowing. The next section discusses the nite anti-plane shear deformation and constitutive
laws. Based on the equilibrium equation and a general constitutive law, a nonlinear po-
tential variational problem is formulated. Section 3 shows how this nonlinear potential
variational problem can be transformed as a canonical dual problem such that a pure
complementary energy principle can be obtained, and by which, how the nonlinear partial
dierential equation for deformation can be converted into an algebraic equation in stress
space, so that an analytical solution form for the displacement can be formulated. This
section also shows how the global optimal solution can be identied by the triality theory.
Section 4 presents an application to convex problem governed by a quadratic-exponential
stored energy, which has a unique solution. While for nonconvex strain energy, Section 5
shows that the boundary value problem is not equivalent to the variational problem. By
using the canonical dual transformation and the pure complementary variational principle,
the nonlinear dierential equation can be converted into a cubic algebraic equation, which
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possesses at most three real roots. Therefore a complete set of solutions to the potential
variational problem is obtained. The triality theory can be used to identify global and
local minimizers. Section 6 discusses some fundamental concepts in the canonical duality-
triality theory and their important roles in 3-D nite elasticity and nonconvex analysis.
The reason why the Gao-Strang gap function can be used to identify both global and local
extrema is explained. Concluding remarks and open problems are presented in the last
section.
2 Anti-plane shear deformation and variational prob-
lem
Consider a homogeneous, isotropic elastic cylinder B  R3 with generators parallel to the
e3 axis and with cross section a suciently nice region 
  R2 in the e1  e2 plane. The
so-called anti-plane shear deformation is dened by
 = x+ u(x1; x2)e3; 8(x1; x2) 2 
 (1)
where (x1; x2; x3) are cylindrical coordinates in the reference conguration (assumed free
of stress) B relative to a cylindrical basis feg;  = 1; 2; 3, and u : 
 ! R is the amount
of shear (locally a simple shear) in the planes normal to e3.
We suppose that on boundary  u  @
 the homogenous boundary condition is given,
i.e.,
u(x) = 0 8x 2  u; (2)
while on the boundary  t = @
 \  u, the shear force is prescribed
t(x) = t(x)e3 8x 2  t:
The deformation gradient tensor, denoted F, can be readily calculated for the defor-
mation of the form (1):
F = r = I+ e3 
 (ru) =
0@ 1 0 00 1 0
u;1 u;2 1
1A ; (3)
where u; represents @u=@x for  = 1; 2, I is the identity tensor; while the corresponding
left and right Cauchy-Green tensors are respectively
B = FFT =
0@ 1 0 u;10 1 u;2
u;1 u;2 1 + jruj2
1A ; C = FTF =
0@ 1 + u2;1 u;1u;2 u;1u;1u;2 1 + u2;2 u;2
u;1 u;2 1
1A ; (4)
where the notation T indicates the transpose (of a second-order tensor).
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The principal invariants of B, denoted I1(B); I2(B); I3(B), are dened by
I1(B) = trB; I2(B) =
1
2
[(trB)2   tr(B)2]; I3(B) = detB; (5)
and, for the considered anti-plane shear problem, these reduce to
I1(B) = I2(B) = 3 + jruj2; I3(B) = 1: (6)
In this paper, the notation jruj2 = u2;1 + u2;2 represents the Euclidean norm in R2. It is
easy to check that Ii(B) = Ii(C); i = 1; 2; 3.
According to the axiom of objectivity [6, 7], the stored-energy W (F) for an isotropic
elastic solid should be a function of the three invariants I1; I2; and I3. In view of (6), if we
let  = ru, we may now introduce a new function, denoted W^ , such that the stored-energy
W (F) can be written as
W (F) = W^ () (7)
for the anti-plane shear specialization. Therefore, the dual variable
 =
@W^
@
(8)
is the associated shear stress. Let the kinetically admissible space be dened by
Ua = fu(x) 2 C[
;R] j ru 2 L2p[
;R2]; u(x) = 0 8x 2  ug; (9)
where 
 = 
 [ @
 represents the closure of the set 
, L2p is the standard notation
of Lebesgue integrable space with p 2 R, which will be discussed in Section 5. Then
the minimal potential energy principle leads to the following variational problem (primal
problem (P) for short) for the determination of the deformation function u:
(P) : min

(u) =
Z


W^ (ru)d
 
Z
 t
tud  j u 2 Ua

; (10)
where minfg represents for nding minimum value of the statement in fg.
The criticality condition (u) = 0 leads to the following mixed boundary value prob-
lem:
(BV P ) :
8<:r 
@W^ (ru)
@(ru) = 0 8x 2 
;
n  @W^ (ru)
@(ru) = t 8x 2  t:
(11)
Since the stored energy W^ () is a nonlinear function of the shear strain, the (BV P )
may possess multiple solutions and each solution represents a stationary point of the total
potential energy (u). Therefore, if (u) is nonconvex, the variational problem (P) is not
equivalent the boundary value problem (BV P ). Traditional direct methods for solving
the nonlinear boundary value problem are usually very dicult, also how to identify the
global minimizer in nonconvex analysis is a fundamentally dicult task. It turns out
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that in general nonlinear elasticity, even some qualitative questions such as regularity and
stability are considered as outstanding open problems.
On the other hand, let the statically admissible space to be
Ta = f 2 C[
;R2]j r   (x) = 0 8 x 2 
; n   (x) = t 8x 2  tg: (12)
The complementary variational problem can be stated as the following:
min

( ) =
Z


W^ ( )d
 j  2 Ta

; (13)
where W^ ( ) is the so-called complementary energy function (or density), dened by the
Legendre transformation:
W^ ( ) = f     W^ () j  = rW^ ()g: (14)
In nite deformation theory, if the strain energy density W^ () is nonconvex, the Leg-
endre conjugate W^ ( ) can not be uniquely obtained [66, 72]. In this case, the classical
complementary energy variational principle can not be used for solving nonconvex nite
deformation problems. Although by the Fenchel transformation
W^ ]( ) = supf     W^ () j  2 L2p[
;R2]g; (15)
the Fenchel conjugate W^ ]( ) is always convex, and the Fenchel-Moreau dual problem can
be obtained as
max

] =  
Z


W^ ]( )d
 j  2 Ta

; (16)
the Fenchel-Young inequality
W^ ()       W^ ]( )
leads to
 = min
u2Ua
(u)  max
2Ta
]( )  0 (17)
and the non zero  6= 0 is the well-known duality gap in nonconvex analysis. According to
Sir M. Atiyah [2], duality in mathematics is not a theorem, but a \principle". Therefore,
the duality gap is not allowed in mathematical physics. It turns out that the existence of
a pure complementary energy principle in nite elasticity was a well-known open problem
which has been discussed for over forty years [57]. This problem was solved in 1999 [18]
when a complementary energy principle was proposed in terms of the rst and second
Piola-Kirchho stresses only.
In the following sections, we will demonstrate the application of the canonical duality
theory and the pure complementary variational principle for solving the proposed varia-
tional problem. In order to examine this problem in detail, we will consider the energy
function in both convex and nonconvex forms.
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3 Canonical dual problem and extremality theory
The key step of the canonical dual transformation is to introduce a new geometrical measure
 = (u) and a canonical function V () such that the stored energy function W^ (ru) =
V ((u)). By the denition introduced in [20] that a real-valued function V () is called a
canonical function if the duality relation
 =
@V ()
@
(18)
is invertible such that the conjugate function V () of V () can be dened uniquely by the
Legendre transformation:
V () =

   V () j  = @V ()
@

: (19)
The canonical dual transformation has a solid foundation in physics. According to the
frame-invariance axiom [6, 45, 66], instead of the linear deformation  = ru, the strain
energy W^ () should be a function of a quadratic measure  = (u). In view of (6) and
(7), for this anti-plane shear deformation problem we can simply choose the geometrical
measure  = (u) = 1
2
jruj2, which is a quadratic mapping from Ua to a closed convex set
Ea = f 2 Lp[
;R]j (x)  0 8x 2 
g: (20)
Let Ea be the range of the canonical duality mapping rV : Ea ! E, such that on
Ea  Ea , the following canonical duality relations hold:
 = rV () ,  = rV () , V () + V () = : (21)
In the terminology of nite elasticity, if the geometrical measure  can be viewed as a
Cauchy-Green type strain, its conjugate  is a second Piola-Kirchho type stress. For many
hyper-elastic materials, the stored energy function could be nonconvex in the deformation
gradient, but is usually convex in the Cauchy-Green type strain measure. Thus, replacing
W^ (ru) in the total potential energy (u) by the canonical form V ((u)), the primal
problem (P) can be written in the following canonical form:
(P) : min

(u) =
Z


V ((u))d
 
Z
 t
utd j u 2 Ua

: (22)
Furthermore, by using the Fenchel-Young equality V ((u)) = (u) V (), the so-called
total complementary energy functional originally proposed by Gao and Strang in [36] can
be written as
(u; ) =
Z


[
1
2
jruj2   V ()]d
 
Z
 t
utd : (23)
This two-eld functional is well-dened on Ua  Ea . Let
S+ = f 2 Ea j (x)  0 8x 2 
g: (24)
The following theorem is a special case of the general result by Gao and Strang [36].
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Theorem 1 (Complementary-Dual Variational Extremum Principle) If (u; ) is
a critical point of (u; ), then u is a local solution to (BV P ). Moreover, if V () is convex
and  2 S+, then u is a global optimal solution to the minimal variational problem (P)
and
(u) = min
u2Ua
(u) = (u; ) = min
u2Ua
max
2S+
(u; ) = max
2S+
min
u2Ua
(u; ): (25)
Proof. By the criticality condition (u; ) = 0, we obtain
(u) =
1
2
jruj2 = rV (); in 
 (26)
r  (ru) = 0 in 
; n  (ru) = t on  t: (27)
By the canonical duality (21), we know that the Euler-Lagrangian equation (26) is equiv-
alent to the canonical constitutive-geometrical equation  = rV ((u)). Combining this
with the equilibrium equation (27), we know that the critical point (u; ) solves the bound-
ary value problem (BV P ) and u is a critical point of the the total potential energy (u).
By the convexity of the canonical energy V (), we have (see [36])
V ()  V ()  (   )rV () 8;  2 Ea:
Let  = (u) ,  = (u), and  = rV ((u)), we obtained
(u)  (u) 
Z


[((u)  (u))]d
 
Z
 t
t(u  u)d  8u 2 Ua:
Let u = u+ u. By the fact that (u) is a quadratic operator, we have (see [36])
(u) = (u+ u) = (u) + (ru)T (ru) + (u):
Therefore, if (u; ) is a critical point of (u; ) and  2 S+, we have
(u)  (u) = G(u; ) =
Z


(u)d
  0 8u:
This shows that u is a global minimizer of (u) over Ua. 2
Remark 1 (Gao-Strang's Gap Function and Global Optimality Condition)
Theorem 1 is actually the direct application of the general result of [36], and
G(u; ) =
Z


(u)d

is the so-called complementary gap function rst introduced by Gao and Strang in 1989
[36]. Since the geometrical operator (u) = 1
2
jruj2 is quadratic, the gap function
G(u; )  0 8u 2 Ua if and only if  2 S+:
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Therefore, the total complementary energy (u; ) is a saddle functional on Ua  S+, i.e.
(u; )  (u; )  (u; ) 8(u; ) 2 Ua  S+:
Thus, by the canonical min-max duality, we have (25). Theorem 1 shows that the gap
function G(u; )  0 provides a global optimality condition for the nonconvex variational
problem (P). This gap function also plays a key role in global optimization (see [35]).
Based on this complementary extremum principle and the general canonical primal-dual
mixed nite element method [5, 40], an ecient algorithm can be developed for solving
general anti-plane shear problems.
By the virtual work principle, for any given statically admissible  2 Ta, we haveZ


(ru)  d
 =
Z
 
(  n)ud  
Z


(r   )ud
 =
Z
 t
tud  8u 2 Ua: (28)
Replacing the boundary integral in (23) by (28), the total complementary energy functional
(u; ) can be written as
 (u; ) =
Z



1
2
jruj2   V ()  (ru)  

d
: (29)
Theorem 2 For any given statically admissible  2 Ta, if (u; ) is a critical point of
 (u; ), then it is also a critical point of (u; ), and
(u) = (u; ) =  (u; ) 8 2 Ta: (30)
Proof. For a given  2 Ta, the criticality condition  (u; ) = 0 gives to the inverse
constitutive law 1
2
jruj2 = rV () and the balance equations
r  (ru) = r   in 
; n  (ru) = n   on  t: (31)
Therefore, (u; ) is a critical point of (u; ), and also a solution to (BV P ) for any given
 2 Ta. The equality (30) can be proved easily by the virtual work principle and the
canonical duality relations (21). 2
This theorem shows that the statically admissible stress eld  2 Ta does not change
the value of the functional  (u; ). Note that from the criticality conditions (31), we have
ru =  ;
which shows the relation between the canonical stress and the rst Piola-Kirchho stress.
By substituting ru = = in  (u; ), the pure complementary energy d() can be
obtained by the canonical dual transformation [19]
d() = sta f (u; )j 8u 2 Uag =  
Z


 j j2
2
+ V ()

d
; (32)
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which is well-dened on
S+a = f 2 S+j j j2= 2 L[
;R]g: (33)
Therefore, the complementary variational problem which is canonically dual to the poten-
tial variational problem (P) can be proposed as
(Pd) : max

d() =  
Z


 j j2
2
+ V ()

d
j  2 S+a

: (34)
According to [20], we have the following result.
Theorem 3 (Pure Complementary Energy Principle) For a given statically admis-
sible  2 Ta, if (u; ) is a critical point of  (u; ), then  is a critical point of d(), u is
a critical point of (u), and
(u) =  (u; ) = 
d(): (35)
If V () is convex, then u is a global minimum solution to (P) if and only if  2 S+a is a
solution to (Pd), i.e.
(u) = min
u2Ua
(u) , max
2S+a
d() = d(): (36)
The problem (P) has a unique solution if (x) > 0; 8x 2 
.
Proof. By the equation (30) we know that for a given  2 Ta, the functionals (u; )
and  (u; ) have the same critical points set. Particularly, the criticality condition con-
dition d() = 0 leads to
j j2
2()2
= rV (); (37)
which is in fact the inverse constitutive-geometrical equation (26) subject to
ru =  : (38)
Since  is statically admissible, therefore, ru =  satises equilibrium conditions (27).
This proved that the critical point  of the canonical dual problem (Pd) and the associated
u are also critical point of .
Again by the canonical duality (21), we have
(u; ) =
Z


V ((u))d
 
Z
 t
tud  =
Z


W^ (ru)d
 
Z
 t
tud  = (u):
Dually, by using (38), we have for any given  2 Ta
(u; ) =  (u; ) = 
d():
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By the fact that  (u; ) is a saddle functional on Ua  S+a , we have
min
u2Ua
(u) = min
u2Ua
max
2S+a
 (u; ) = max
2S+a
min
u2Ua
 (u; ) = max
2S+a
d():
Thus, u 2 Ua is a global minimum solution to (P) if and only if  2 S+a is a solution to
the canonical dual problem (Pd). Moreover, if (x) > 0 8x 2 
, then the gap function
G(u; ) > 0 8u 6= 0. From the proof of Theorem 1 we know that the total potential energy
(u) is strictly convex on Ua, therefore, the global min is unique. 2
Remark 2 Theorem 3 is a special case of the pure complementary energy principle in
nite elasticity [18, 57]. This theorem shows that the complementary energy variational
problem (Pd) is canonically dual to the potential variational problem (P), i.e. there is no
duality gap. The canonical dual Euler-Lagrangian equation (37) shows that the criticality
condition of the pure complementary energy is an algebraic equation
2rV () = 1
2
j j2; (39)
which can be solved easily for many real applications. Therefore, the pure complementary
energy principle plays an important role in stress analysis and design. But, for each  2 Ta,
the solution  can only produce the deformation gradientru =  1 . In order to obtain the
primal solution u by solving the canonical dual problem, additional compatibility condition
is needed. The equilibrium condition in Ta can be relaxed by the so-called stress function
o such that  = curlo. Detailed discussions on the stress functions were given in [20, 23].
Theorem 4 (Analytical Solution Form) For a given statically admissible stress  (x) 2
Ta such that (x) is a solution of the canonical dual equation (39), then the vector-valued
function
ru =  1(x) (40)
is a deformation solution to the (BV P ).
Moreover, if  2 Ta is a potential eld and
  (r) = 0 8x 2 
; (41)
then the path-independent line integral
u(x) =
Z x
x0
 1  dx 8x0 2  u (42)
is a solution of the boundary value problem (BV P ).
Proof. First, by using chain role we know that if ru is a solution to (BV P ), it must
satisfy
@W^ (ru)
@(ru) =
@V ((u))
@(u)
@(u)
@ru =
ru 2 Ta:
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Let  = ru 2 Ta, we have
ru =  1 ; (43)
which is indeed the critical condition u (u; ) = 0. By the canonical duality (21), we
have
1
2
jruj2 = 1
2
j j2
2
= rV ();
which is the canonical dual algebraic equation, i.e., the criticality condition of d() = 0.
Therefore, for a given  2 Ta, if  is a solution to this canonical dual equation (39), then
ru =  1 is the deformation eld of the (BV P ).
Moreover, if u can be solved by the path-independent line integral (42), the integrant
 1 must be a potential eld on 
, i.e. r ( 1 ) = 0. This leads to
(r  ) +   (r) = 0 on 
:
Since  (x) is a potential eld on 
, i.e., there exists a scale-valued function (x) such that
 = r(x), then we have r = r (r)  0 on 
. Therefore, as long as the condition
  (r) = 0 holds on 
, the deformation gradient ru =  1 is a potential eld and the
displacement u can be obtained by the path-integral (42). By the fact that u(x0) = 0, it
should be an analytical solution to (BV P ). 2
Generally speaking, the canonical dual algebraic equation (39 ) is nonlinear which allows
multiple solutions for nonconvex problems. In the following sections, we shall present some
applications.
4 Application to Convex Variational Problem
First, we assume the stored energy W^ () is a convex function of the type (see [31]):
W^ () =
1
2
jj2 + 

exp(
1
2
jj2)  1

; (44)
where  > 0 and  > 0 are material constants. In this case, the constitutive equation (8)
can be written as the following form
 () = rW^ () =  +  exp(1
2
jj2); (45)
which can be used to model a large class of materials, especially bio-materials (cf. [46]).
The associated potential variational problem is
(P1) : min
u2Ua

(u) =
Z



1
2
jruj2 + 

exp(
1
2
jruj2)  1

d
 
Z
 t
tud 

: (46)
This problem also appears in the construction of optimal Lipschitz extensions of given
boundary data, the Monge - Kantorovich optimal mass transfer problem, and a form of
12
weak KAM theory for Hamiltonian dynamics (see [4]), etc. Although the energy function
is convex and the constitutive relation is monotone (see Fig. 1), the complementary energy
W^ ( ) can not be obtained by the Legendre transformation since the inverse relation of
 () is analytically impossible.
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Figure 1: Graphs of W^ () (left) and its derivative (right) ( = 1:0;  = 0:5)
By using the geometrical measure  = (u) = 1
2
jruj2, the canonical energy function
can be dened by
V () =  +  (exp()  1) ; (47)
and W^ () = V (()). Clearly, the canonical strain energy V () is well-dened on the
domain Ea. Thus, the constitutive law (45) can be written in the following simple form:
 = V 0() = +  exp(); (48)
which is uniquely dened on the domain
Ea = f 2 C[
;R]j (x)  +  8x 2 
g: (49)
Therefore, the complementary energy V () : Ea ! R can be obtained easily as
V () = staf   V ()j  2 Eag = (   )

log

   


  1

+ : (50)
Clearly, the canonical duality relations (21) hold on Ea  Ea .
By the fact that on Ea , we have Sa = Ea = S+a and the canonical stress (x)  +  >
0 8x 2 
, the total complementary energy (u; ) (or  (u; )) is convex in u 2 Ua and
the pure complementary variational problem (Pd) for this convex problem can be written
in the following
(Pd1 ) : max
2Sa

d1() =  
Z


 j j2
2
+ (   )

log

   


  1

+ 

d


: (51)
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Theorem 5 For a given statically admissible stress  2 Ta, the canonical dual problem
(Pd1 ) has a unique solution (x)  + . If  is a potential eld and   (r) = 0 on 
,
then the function
u(x) =
Z x
x0
((x)) 1  dx 8x0 2  u (52)
is a unique solution of (P1) and
1(u) = min
u2Ua
1(u) = max
2Sa
d1() = 
d
1(
): (53)
Proof. The criticality condition d1() = 0 leads to the dual algebraic equation
22 log

   


= j j2: (54)
Let h2() = 22 log
 
 


. Then the graph of h() = p2 log((   )=) is the so-called
dual algebraic curve (see Fig. 2). Clearly, for any given j j, the canonical dual algebraic
equation (54) has a unique solution  2 Sa. Since the canonical complementary energy
1.6 1.8 2.2 2.4 2.6 2.8 3
-4
-2
2
4
Figure 2: Dual algebraic curve h() ( = 1;  = 0:5)
density
 () =
j j2
2
+ (   )

log

   


  1

+ 
is a strictly convex function of  on the dual feasible space Sa, for a given shear stress
 , the pure complementary energy d1() is strictly concave on Sa = S+a . Therefore, the
solution  of the canonical dual algebraic equation (54) should a unique global maximizer
  +. By Theorem 4 we know that if the condition  (r) = 0, the analytic solution
u can be determined by (42). 2
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5 Application to Nonconvex Power-LawMaterial Model
In this section the stored strain energy is assume to be a polynomial function of the shear
strain jj:
W^ () =

2b

1 +
b
p
(jj2   )
p
  1

; (55)
where  > 0 is the innitesimal shear modulus, p; b > 0 are material parameters, and  2 R
is a given (internal) parameter, which can be viewed as, for examples, residue strain [19],
dislocation [26], random defects [29], or input control in functioning materials (see [33]).
If  = 0, this is the power-law material model introduced by Knowles in 1977 [51], and in
this case, the energy function possesses the following properties:
W^ (0) = 0; rW^ (0) = 0; r2W^ (0) = I  0;
which are necessary for W^ () to be a stored energy. The associated stress in simple shear
is
 = 

1 +
b
p
(jj2   )
p 1
: (56)
The power-law material hardens or softens in shear according to whether p > 1 or p < 1.
Graphs of this material model are shown in Figure 3. Particularly, when p = 1
2
;  = 0, the
partial dierential equation r  rW^ (ru) = 0 becomes
(1 + 2bu2;2)u;11   4bu;1u;2u;12 + (1 + 2bu2;1)u;22 = 0; (57)
which, on re-scaling u (or by letting 2b = 1), is the celebrated minimal surface equation
(1 + u2;2)u;11   2u;1u;2u;12 + (1 + u2;1)u;22 = 0: (58)
It also governs the ow of a Karman-Tsien gas (see [47]).
It is easy to prove that for p  1
2
, the stored energy W^ () is convex (see Section 6.5.3,
[20]). In this case, the (BV P ) is elliptic (see [51]). However, if p < 1
2
, the constitutive law
 = rW^ () is not monotone even if  = 0 (see Fig. 3 (a)). Although it can be considered
for modeling softening phenomenon, this case is not physically allowed since p < 1
2
violates
the constitutive law. Mathematical explanation for this case can be given by the canonical
duality theory (see below).
When p = 1 in (55), the stored energy function W^ () is linear, which recovers the
neo-Hookean material.
For p > 1, the stored energy function W^ () is convex if   0, nonconvex for  > 0.
Particularly, if p = 2 and  > p=b, this nonconvex function W^ () is the so-called double-
well energy in mathematical physics (see Fig. 3 (b)), which appears frequently in phase
transitions of solids, Landau-Ginzburg model in super-conductivity [26], post-buckling of
large deformed beam [5], as well as in quantum mechanics such as Higgs mechanism and
Yang-Mills elds etc. For p > 2; the stored energy and constitutive law are shown in Fig.
3 (c).
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Figure 3: Nonconvex energy W^ () (left) and non-monotone constitutive law W^ 0() (right),
 = 0:5; b = 1:
Let  = bp 1=pp;  =    p=b, and o = =(2b). The minimal potential energy
principle leads to the following nonlinear variational extremum problem:
(P2) : min

2(u) =
Z



1
2

 jruj2   p   o d
  Z
 t
tud  j u 2 Ua

: (59)
For certain given parameter  > 0, this variational problem is nonconvex and the corre-
sponding boundary-value problem (BV P ) is not equivalent to (P2) since the solution of
(BV P ) may not be the global minimizer of (P2). Due to the lack of global optimality
condition, traditional direct methods for solving the (P2) are very dicult.
By using the canonical strain measure (u) = jruj2, the canonical function for this
power-law model can be dened by
V () =
1
2
(   )p   o; (60)
which is dened on the closed convex domain
Ea = f 2 Lpj (x)  0; 8x 2 
g:
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Clearly, this canonical function is convex for p  1, but nonconvex for p < 1. In any case,
the canonical dual stress is uniquely obtained by
 = rV () = 1
2
p(   )p 1;
which is well dened on the dual space
Ea = f 2 Lp=(p 1) j (x) 
1
2
( b=p)p 1 8x 2 
 g:
Thus the complementary energy can be simply obtained by the traditional Legendre trans-
formation
V () = f     V ()j  = rV ()g = p  1
p
cp=(p 1) +  + o;
where c =

2
p
1=(p 1)
=

2

1=(p 1)
p=b. The corresponding total complementary energy
for this nonconvex problem is
(u; ) =
Z


 jruj2       p  1
p
cp=(p 1)   o

d
 
Z
 t
tud : (61)
Therefore, for a given  2 Ta, let
S+a = f 2 Ea j (x)  0 8x 2 
; j j2= 2 L g: (62)
The canonical dual problem in this nonconvex case is
(Pd2 ) : max

d2() =  
Z


 j j2
4
+
p  1
p
cp=(p 1) +  + o

d
 j  2 Sa

(63)
The criticality condition d2() = 0 leads to the dual algebraic equation:
42
 
c1=(p 1) + 

= j j2: (64)
The solutions of this algebraic equation depends mainly on the material parameter p > 0.
It can be easily checked by using MATHEMATICA that if p < 1
2
, this equation has no
real root. For p = 1
2
, the equation (64) has real roots only under the condition j j2  2
2b
.
Particularly, for minimal surface-type problems where  = 1 and 2b = 1, the condition
j j2  1 veries the result presented in [20] (Section 6.5.3). Canonical duality theory for
solving minimal surface type problems have been studied in [39]. In this paper, we are
interested in p > 1 with positive internal parameter  > 0 such that the stored energy is
nonconvex, which can be used to model more interesting phenomena.
Particularly, for p = 2, the canonical dual algebraic (64) is cubic
42 (c + ) = j j2 (65)
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which can be solved analytically to have three solutions:
1 =   
3c
+
24=32
3c ()
+
 ()
3(2)4=3c
(66)
2 =   
3c
  2
1=32(1  ip3)
3c ()
  (1 + i
p
3) ()
12(21=3)c
; (67)
3 =   
3c
  2
1=32(1 + i
p
3)
3c ()
  (1  i
p
3) ()
12(21=3)c
; (68)
where  = j j, and
 () =

 163 + 27c2 2 + 3
p
3 
p
 323c2 + 27c4 2
1=3
:
Similar to the general results proposed in [17, 21, 31], we have the following theorems.
Theorem 6 (Criteria for Multiple Solutions ) For a given parameter  2 R and the
material constants p = 2, ; b > 0 such that c = 4=(b) > 0, let
 =
163
27c2
:
If   0, the (BV P ) has a unique solution in the whole domain 
.
If  > 0, then the (BV P ) could have multi-solutions in 
. In this case, if  is a given
shear stress and
j (x)j2 >  8x 2 
;
the dual algebraic equation (65) has a unique real root (x) > 0. If j j2 < ; the dual
algebraic equation (64) has three real roots in the order of
1(x)  0  2(x)  3(x): (69)
Proof. Similar to the proof of the Corollary 1 in [21], we let h2() = 42(c + ) be
the left hand side function in the dual algebraic equation (65). By solving h0(c) = 0 we
known that h() has a local maximum h2max(c) =  at c =  23c . From the graphs of the
dual algebraic curve h() = 2pc +  given in Fig. 4a we can see that if  < 0, the
dual algebraic equation (65) has a unique solution for any given  . However, if  > 0,
the dual algebraic equation (65) may have at most three real solutions in the order of (69)
depending on  (x); x 2 
 (see Fig. 4b). 2
Theorem 7 (Global & Local Extrema, Uniqueness, and Smoothness) Suppose for
a given external force t(x) on  t that  2 Ta is a statically admissible shear force eld. If
 (x) is not identical zero over the domain 
, the canonical dual problem (Pd2 ) has at most
three solutions i(x) (i = 1; 2; 3) dened analytically by (66-68), and
ui =
Z x
x0
(2i(x))
 1  dx; i = 1; 2; 3 (70)
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Figure 4: Dual algebraic curve h() = 2pc +  ( = 1; b = 0:5)
are the critical solutions to (P2). Particularly, 1(x) is a global maximizer of d2 over S+a ,
the associated u1 is a global minimizer of 2 on Ua, and
2(u1) = min
u2Ua
2(u) = max
2S+a
d2() = 
d
2(
1): (71)
If j (x)j2 <  8x 2 
; then 3(x) and the associated u3 are local maximizers of d2 and
2, respectively, and
2(u3) = max
u2U3
2(u) = max << 2=3
d2() = 
d
2(
3); (72)
If j (x)j2 <  8x 2 
  R; then 2(x) and the associated u2 are local minimizers of d2
and 2, respectively, and
2(u2) = min
u2U2
2(u) = min 2=3<<0
d2() = 
d
2(
2); (73)
where U2 and U3 are neighborhoods of u2 and u3, respectively.
If j (x)j2 >  > 0 8x 2 
; the canonical dual problem (Pd2 ) has a unique solution 1(x)
over 
 and the primal solution u1 is a unique smooth global minimizer of 2(u) over Ua.
Proof. If  2 S+a , the total complementary energy (; ) is a saddle functional. The
proof of the canonical min-max duality (71) follows directly from Gao and Strang's work
[36] and the canonical duality theory [20]. If  < 0, the total complementary energy (; )
is concave in both  and . The double-max duality (72) is simply due to the fact
max
u2Ua
2(u) = max
u
max

 (u; ) = max

max
u
 (u; ) = max

d2():
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Note that the double-min duality (73) holds only for 
  R. Therefore, by considering
ru = u0 =  and the canonical transformation W^ () = V (()), we have
r2W^ () = 2rV () + 42r2V () = 2 + (=)2 (74)
which is positive for any  > 0. Therefore, u1 is a global minimizer of 2. By Theorem 6,
it is easy to verify that
r2W^ ()
8<:
> 0 if  2 ( 2=3; 0);
= 0 if  2 = ;  = c =  2=3;
< 0 if  2 ( ; 2=3):
(75)
This shows that W^ () is locally convex at 2 = =(22) and concave at 3 = =(23).
Therefore u2 is a local minimizer, while u3 is a local maximizer of (u).
By the fact that (x) = j (x)j  0 8x 2 
, the force eld (x) does not cross the
Maxwell line, i.e. the -axis in Fig. 4 (see Theorem 1 in [32]). Therefore, by Theorem 6 in
[32], the global optimal solution should be smooth over the whole domain 
. 2
Remark 3 (Triality Theory & Ellipticity Condition) By Theorems 6 and 7 we know
that if j (x)j2 <  8x 2 
, nonconvex problem (P2) has three sets of solutions fui(x)g (i =
1; 2; 3) at each x 2 
 dened by (70). The global minimizer u1 is identied by the canoni-
cal min-max duality (71), which was rst proposed by Gao and Strang in 1989 [36]. The
(biggest) local maximizer u3 is identied by the double-max duality (72). Although the
canonical dual solution 2 is a local minimizer of 
d
2, the associated u2 is a local minimizer
of 2(u) governed by the double-min duality (73) only if the domain 
 is a subset of R.
The triality theory was originally proposed and proved for one-dimension problems 
  R
by Gao in 1996-2000 [16, 20, 21]. However, in 2003 some counterexamples were discovered
which show that the double-min duality holds under certain additional constraints (see
Remark 1 in [24] and Remark in [25], page 288). This open problem has been solved in
2010 rst in global optimization, i.e. the \certain additional constraints" are simply that
the primal and dual problems should have the same dimension in order to have strong
triality theory. Otherwise, the double-min duality holds weakly in a subspace [37, 38].
Ellipticity condition has been emphasized to play a fundamental role for the existence
of solutions in nonlinear elasticity [12]. However, this is only for convex problems. From
Theorem 7 we know that a nonconvex nite deformation problem could have multiple crit-
ical solutions at each material point and the associated Euler equation may not be elliptic
at all. Therefore, the triality theory reveals an important fact in nonconvex analysis and
nonlinear elasticity, i.e. the Legendre-Hadamard condition does not guarantee uniqueness
of solutions and the equilibrium equation may not be elliptic even if the L.H. condition
holds at certain local solutions.
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6 Objectivity, Canonical Duality, and Gap Function
The main goal of this section is to discuss some concepts in canonical duality theory and
their important roles in nite elasticity and nonconvex analysis. Standard notations in 3-D
nonlinear elasticity are adopted.
For a general nite deformation problem  : 
  R3 ! !  R3, the stored energy
function W (F) is usually a nonconvex function of the deformation gradient F = r 2
M3+ = fF = fF ig 2 R33j detF > 0g. Thus, the boundary-value problem
(BV P ) :

A() =  r  @FW (F()) = 0 in 
;
n  @FW (F()) = t on  t;  = 0 on   (76)
may have multiple solutions at each material point x 2 
. According to Dacorogna [8],
the following statements, essentially due to Morrey [60], are well-known:
(I) W (F) is convex ) poly-convex ) quasi-convex ) rank-one convex: (77)
(II) If 
  R or !  R, all these notions are equivalent.
(III) If W 2 C2(M3+), then the rank-one convexity is equivalent to the Legendre-
Hadamard (L.H.) condition:
3X
i;j=1
3X
;=1
@2W (F)
@F i@F
j

aiajb
b  0 8a = faig 2 R3; 8b = fbg 2 R3: (78)
The Legendre-Hadamard condition in nite elasticity is also referred to as the ellipticity
condition, i.e., if the L.H. condition holds, the partial dierential operator A() in (76) is
considered to be elliptic.
However, all these generalized convexities provide only necessary conditions for local
minimal solutions. From the triality theory we know that the nonconvex variational prob-
lem may have multiple solutions at each material point x 2 
. The conditions in (75) show
that even if the Legendre-Hadamard condition holds at the solutions u1(x) and u2(x), the
stored energy W^ (ru) is not convex at x and the dierential operator A(u) is not monotone,
i.e. the statement (II) is not true! Also, the denition of elliptic operators was originally
introduced for linear partial dierential equations that generalize the Laplace equation,
where, the stored energy is a convex quadratic function and its level set is an ellipse. This
denition was generalized for nonlinear operators [10, 73]. From the following discussion,
we can see that the stored energy W (F) is not convex even if the L.H. condition holds.
By the fact that the deformation gradient F is a two-point tensor eld, which is not
considered as a strain measure. According to the axiom of objectivity or frame-invariance,
the following theorem lays a foundation for the canonical duality theory.
Theorem 8 (Theorem 4.2-1 in [7]) The stored energy function of a hyper-elastic ma-
terial is objective if and only if
W (F) = W (QF) 8F 2M3+; 8Q 2 O3+; (79)
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or equivalently, if and only if there exists a function V : S3> ! R such that
W (F) = V (FTF) 8F 2M3+; (80)
where O3+ = fQ 2 R33j Q 1 = QT ; detQ = 1g is an orthogonal group and S3> = fC 2
R33j C = CT ; C  0g.
The objectivity is a fundamental concept in continuum physics (see [20, 45, 59, 61, 66]) 1.
It was emphasized by P.G. Ciarlet that the objectivity is an axiom, not an assumption [6, 7].
According to the traditional philosophical principle of yin-yang duality [14], the constitutive
relations in any physical system should be one-to-one in order to obey the fundamental law
of nature, i.e. the Dao (I-Ching, 2800-2737 BCE). This one-to-one constitutive relation
is called the canonical duality. Therefore, for a given material, it is reasonable to assume
the existence of an objective (strain) measure  = () 2 E  S3> and a convex function
V : E ! R such that W (F) = V () and the following canonical duality relations hold
 = rV () ,  = rV () , V () + V () =  : : (81)
By the canonical transformation W (r) = V (()), the general minimal potential prob-
lem in nite deformation theory can be written in the following canonical form
min

() =
Z


V (())d
 + F () j  2 Xa

; (82)
which is the mathematical model studied by Gao and Strang in [36] for general geomet-
rically nonlinear systems, where F () is the so-called external energy, which should be
a linear functional of  such that its Ga^teaux derivative obeys the Newton third law of
action and reaction; the feasible space is dened by
Xa = f 2 C1[
;R3]j r 2M3+;  = 0 on  g: (83)
Canonical duality theory has been extensively studied for dierent objective measures
 = () in continuum mechanics and general complex systems [20, 25, 34]. In order to
understand why the complementary gap function can be used to identify both global and
local extrema, let us consider the most simple canonical strain measure  = 1
2
FTF such that
E =    1
2
I = 1
2
(FTF   I) is the well-known Green-St Venant strain strain. Its canonical
dual is the second Piola-Kirchho stress, denoted by T = rV (E). For a given statically
admissible stress  2 Ta = f 2 R33j r   (x) = 0 8x 2 
; n   (x) = t 8x 2  tg, the
pure complementary energy can be formulated as
d(T) =
Z
 
n    0d  
Z


1
2
tr( T 1   +T)d
 
Z


V (T)d
: (84)
1The concept of objectivity has been misused in mathematical optimization (but mainly in English liter-
ature). It turns out that Gao-Strang's work and the canonical duality-triality theory have been challenged
recently by C. Zalinescu and his co-workers R. Strugariu, M. D. Voisei (see [76, 78] and references cited
therein). Unfortunately, they oppositely chose linear functions as the stored energy W (F) and nonlinear
functions as the external energy F (), they produced many interesting \counterexamples" with opposite
conclusions. Interested readers are recommended to read [38] for further discussion.
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The criticality condition d(T) = 0 leads to the canonical dual algebraic equation [18]
T  (2rV (T) + I) T =  T : (85)
Clearly, for a given statically admissible stress eld  (x) 2 Ta, this nonlinear tensor equa-
tion may have multiple solutions fTkg, and for each of these critical solutions, the defor-
mation dened by
k(x) =
Z x
x0
T 1k dx+ 0(x0) (86)
along any path from x0 2   to x 2 
 is a critical point of () [20]. The vector-valued
function k(x) is a solution to the boundary-value problem (BV P ) if the compatibility
condition r  (  T 1k ) = 0 holds [18]. By Gao-Strang's work [36], k(x) is a global
minimizer of () if the complementary gap function
G(;Tk) =
Z


1
2
tr[(r)T Tk  (r)]d
  0 8 2 Xa: (87)
Since this gap function is quadratic in , the sucient condition (87) holds if Tk 2 S3>.
Remark 4 (Triality Theory vs Legendre-Hadamard Condition) By the triality the-
ory, the positive denite solution Tk 2 S3> of the canonical dual algebraic equation (85)
produces the global minimal solution k(x), while for the negative denite solutions Tk 2
S3< = fT 2 R33j T = TT ; T  0g, the associated k(x) could be either local minimal or
maximal solutions. To see this, let us consider the general case of the equation (74), i.e.,
by chain rule for W (F) = V (E(F)), we have
@2W (F)
@F i@F
j

= ijT +
3X
;=1
F iHF
j
 ; (88)
where H = fHg = r2V (E). By the convexity of the canonical function V (E), the
Hessian H is positive denite. Therefore, if T = fTg 2 S3>, the L.H. condition holds.
By the fact that F = T 1, we have
@2W^ (F)
@F i@F
j

= ijT +
3X
;;;=1
 iT
 1
 HT
 1
 
j
: (89)
Therefore, r2W^ (F) could be either positive or negative denite even if T  0. Depending
on the eigenvalues of Tk 2 S3<, the L.H. condition could also hold at a local minimizer k
of (). This shows that the triality theory can be used to identify both global and local
extremal solutions, while the L.H. condition is only a necessary condition for a local mini-
mal solution. It is known that an elliptic equation is corresponding to a convex variational
problem. If the boundary-value problem (76) has multiple solutions fk(x)g at x 2 
, the
total potential () is not convex and the operator A() may not be elliptic at x 2 
 even
if the L.H. condition holds at certain k(x).
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For St Venant-Kirchho material, the strain energy V (E) is convex (quadratic)
V (E) = tr(E2) +
1
2
(trE)2; (90)
where ;  > 0 are Lame constants. In this case, the complementary energy is
V (T) =
1
4
tr(T2)  
4(3+ 2)
(trT)2 (91)
and the canonical dual algebraic equation (85) is a cubic symmetrical tensor equation
T2 +
1

T3   
(3+ 2)
(trT)T2 =  T : (92)
It was shown in [27] that for a given  (x) 6= 0, this canonical dual algebraic equation has
a unique positive-denite solution T+ 2 S3>, eight negative-denite solutions T  2 S3<,
and 15 indenite solutions at each material point x 2 
. By the triality theory, T+ 2 S3>
gives the global minimizer of the total potential (); the smallest T  2 S3< leads to local
maximizer, while the biggest T  2 S3< could give a local minimizer of (). Detailed
discussion is given in [27].
7 Concluding Remarks and Open Problems
Concrete applications of the canonical duality-triality theory have been presented in this
paper for solving general anti-plane shear problems in nite elasticity. Results show that the
nonconvex variational problem could have multiple solutions at each material point x 2 
,
the Euler equation is not elliptic and the Legendre-Hadamard condition is only a local
criterion which can't guarantee uniqueness of solutions. By using the pure complementary
energy principle proposed in [18, 19], the nonlinear partial dierential equation in nite
elasticity is equivalent to an algebraic (tensor) equation, which can be solved, under certain
conditions, to obtain a complete set of solutions in stress space. Therefore, an unied
analytical solution form is obtained for the nonconvex variational problem. The Gao-
Strang complementary gap function and the triality theory can be used to identify both
global and local extrema. By the fact that the statically admissible stress eld  2 Ta
may not be uniquely determined for a given external force t(x) on  t, the compatibility
condition (41) should be satised in order that this analytical solution solves also the mixed
boundary-value problem. How to satisfy this compatibility condition and to identify local
minimizer for 3-D problems are still open questions and deserve future study.
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